The Dicke model, which describes the dipolar coupling between N two-level atoms and a quantized electromagnetic field, seemingly violates gauge invariance in the presence of ultrastrong light-matter coupling, a regime that is now experimentally accessible in many physical systems.
I. INTRODUCTION
Models describing the interaction between one or few modes of the electromagnetic field in a resonator and individual or ensembles of few levels atoms are a cornerstone of quantum optics. The simplest examples are the quantum Rabi [1] [2] [3] and the Dicke Hamiltonians [4] [5] [6] [7] describing, respectively, the interaction of a single-mode bosonic field with a two-level atom, and with an ensemble of N two-level atoms. Their simplified version obtained after the rotating wave approximation are the Jaynes-Cummings and Tavis-Cummings models [8, 9] , respectively. We consider two-level emitters, that can be described by means of collective operatorsĴ α with α ≡ {x, y, z}, which obey the angular momentum commutation relations (with cooperation number j = N/2). These atoms interact with a bosonic mode of frequency ω c via a dipole interaction. The resulting normalized collective coupling strength scales ∝ √ N .
number N of atoms, but also in the so-called dilute regime, where N → ∞, while the coupling strength between the field and the resulting collective excitations remains finite [11] .
Examples of realizations of the Dicke model in the USC dilute regime include intersubband organic molecules [15] [16] [17] [18] [19] [20] , intersubband polaritons [21] [22] [23] [24] , and Landau polaritons [25] [26] [27] [28] [29] .
In quantum electrodynamics, the choice of gauge influences the form of light-matter interactions. However, gauge invariance implies that all physical results should be independent of this formal choice. As a consequence, the observation that the quantum Rabi and
Dicke model provide gauge-dependent energy spectra casts doubts on the reliability of these widespread descriptions.
The source of these gauge violations has been recently identified and a general method for the derivation of light-matter Hamiltonians in truncated Hilbert spaces, able to produce gauge-invariant physical results, even for extreme light-matter interaction regimes has been proposed [30] . According to the gauge principle, the coupling of the matter system with the electromagnetic field is introduced by the minimal replacement rulep →p − qÂ, wherê p is the momentum of an effective particle,Â is the vector potential of the field, and q is the charge. It has benn known for decades that approximations in the description of a quantum system, with space truncation can give rise to nonlocal potentials which can always be expressed as potentials depending on both position and momenta: V (r,p) [31] .
In these cases, in order not to ruin the gauge principle, the minimal coupling replacement has to be applied not only to the kinetic energy of the particles in the system, but also to the nonlocal potentials in the effective Hamiltonian of the matter system [31] [32] [33] . Once this procedure is applied, it is possible to obtain gauge-invariant models, even in the presence of extreme light-matter interaction regimes [30, 34] . This method has been applied to obtain a quantum Rabi model satisfying the gauge principle [30] . In the following, we will refer to models not violating gauge invariance as gauge-invariant (GI) models, even if the form of the Hamiltonians change after a gauge transformation. The generalization to N two-level systems (Dicke model) is briefly discussed in the supplementary material of Ref. [34] . The resulting GI quantum Rabi and Dicke Hamiltonians in the Coulomb gauge differ significantly in form from the standard ones and both contain field operators to all orders.
Here, after revisiting the derivation of the GI Dicke model, we derive the corresponding dilute regime, also know as thermodynamic limit [35] [36] [37] [38] . In such a limit, applying the Holstein-Primakoff transformation [39] , the standard Dicke Hamiltonians in the dipole and in the Coulomb gauges, both bilinear in the bosonic operators, are obtained (see, e.g., [35] ).
Such Hamiltonian can be diagonalized exactly, using a multimode Bogoliubov transformation. However, it has been shown that the effective Hamiltonians in the Coulomb and dipole gauge give rise to polariton eigenfrequencies (modes) which can significantly differ for large coupling strengths [11] . Although the form of the gauge-invariant Dicke model contains field operators to all orders and appears very different from a bilinear Hamiltonian, we show that, in the thermodynamic limit, a bilinear Hamiltonian very similar to the standard one is obtained. Specifically, the resulting Dicke Hamiltonian in the Coulomb gauge only differs from the standard one for the coefficient of the diamagnetic term (proportional toÂ 2 ). However,
we show that such a difference is sufficient to restore gauge invariance.
Another widespread description of the interaction between the quantized electromagnetic field and collective excitations is the Hopfield model [40] . This model was initially introduced to describe the interaction of the electromagnetic field with an harmonic resonant polarization density of a 3D dielectric crystal. Nowadays, it is used to describe the interaction between free or confined light and different kinds of collective excitations, as optical phonons, excitons in nanostructures, magnons, plasmonic crystals, which can be described as bosonic fields. We compare the (GI) Dicke and the Hopfield models and apply to the latter the concepts derived for obtaining the first. In doing so, we provide a method to derive in a simple way manifestly gauge-invariant Hopfield models, having only knowledge about the matter polarization field.
II. THE DICKE MODEL WITH FINITE NUMBER OF DIPOLES
For the following analysis, we consider a generic setting as shown in Fig. 1 , where a finite number of electric dipoles are coupled to the single mode of the electromagnetic field in a resonator (see, e.g., [11] ). The dipoles can be modeled as effective particles of mass m in potentials V (x i ), where x i is the separation between the charges q and −q of the i-th dipole. In the absence of any dipole-dipole interaction, and of the interaction with the electromagnetic field, the Hamiltonian describing a system of N effective particles can be written asĤ
Assuming that the two lowest energy levels ( ω 0 and ω 1 ) are well separated by the higher energy levels and considering the system of dipoles interacting with a field mode of frequency
, we can truncate the Hibert space of each dipole, by considering as basis only the two lowest energy levels. In this case, each dipole can be modeled as a pseudo-spin, and the Hamiltonian describing the system of N dipoles, in the absence of interaction with the electromagnetic field, can be written in terms of collective
whereσ (i) α are Pauli matrices and j = N/2, and hereΠ is the operator projecting each effective particle into a two-level space. Notice that, after the projection, the operatorΠ represents the identity operator for the linear space constituted by the tensor product of all the N two-level spaces. Throughout this article we will use calligraphic symbols (as, for example,Ĥ By applying the minimal coupling replacement, the Hamiltonian for the system constituted by N dipoles and a single-mode electromagnetic resonator in the Coulomb gauge can be written asĤ
whereĤ c = ω câ †â is the bare photonic Hamiltonian including a single mode with resonance frequency ω c and annihilation (creation) operatorâ (â † ), andÂ = A 0 (â +â † ) is the vector potential along the x direction with a zero-point amplitude A 0 . Notice that the vector potential has been assumed to be constant in the spatial region where the dipoles are present.
This approximation can be relaxed, even maintaining the dipole approximation.
It has been shown [30, 41] that the minimal coupling replacementp →p−qÂ determining Eq.
(3) can also be implemented by applying to the matter system Hamiltonian the following unitary transformationĤ
whereÛ
By expanding the kinetic terms, Eq. (3) can be written as the sum of three contributions:
whereV cg =V Ap +V D describes the interaction termŝ
andV
where D = N A 2 0 q 2 /(2m). Using the Thomas-Reiche-Kuhn (TRK) sum rule [42] , the coefficient in the diamagnetic term can be written as q 2 /2m = k ω k,j |d k,j | 2 / , where d k,j = ψ k |qx|ψ j are the dipole matrix elements between two energy eigenstates of the effective particle, that in the following we assume to be real quantities. The TRK sum rule has a precise physical meaning, since it expresses the fact that the paramagnetic and diamagnetic contributions to the physical current-current response function cancel in the uniform static limit, which is a consequence of gauge invariance [43] [44] [45] . The physical current operator, corresponding to the Hamiltonian in Eq. (3), iŝ
and the corresponding current-current response function in the uniform static limit is pro-
This relationship expresses the fact that the paramagnetic (first term on the left hand side) and diamagnetic (second term on the left hand side) contributions to the physical currentcurrent response function cancel out in the uniform and static limit [45] . It is interesting to observe that the TRK sum rule remains valid even in the presence of interatomic potentials [45] . Very recently, a TRK sum rule for the electromagnetic field coordinates, which holds even in the presence of USC interaction with a matter system, has been proposed [46] .
Defining the adimensional coupling strengths η k = A 0 d k,0 / , the diamagnetic coefficient can be written as
The standard Dicke Hamiltonian in the Coulomb gauge can be obtained from Eq. (3) truncating the Hilbert space of each dipole to include only two energy levels:
where η ≡ η 1 = A 0 d 1,0 / , and the relation i
] has been used. It has been shown that the two-level truncation for the effective particles ruins the gauge invariance [10] . In particular, it has been argued that the Coulomb-gauge Hamiltonian in Eq. (12) is not related by a unitary transformation (hence it is not gauge equivalent) to the corresponding Hamiltonian in the dipole gauge. Closely related developments have been presented in Refs. [11, 12, 30] . We will discuss this issue in detail below. Here we limit to show that the Hamiltonian in Eq. (12) does not satisfy the gauge principle and how to solve this problem following Ref. [30] . This Hamiltonian can be obtained, projecting in two-level spaces the full Hamiltonian in Eq. (3). Using Eq. (4):
By applying the unitary operator to the kinetic and potential terms separately, observing
It has been shown that truncating the Hilbert space transforms a local operator like V (x i ) into a nonlocal one which can be expressed as a function of both position and momentum [31] :
depending also on the particle momenta, where the minimal coupling replacement, prescribed by the gauge principle, has not been applied.
In particular, we observe that for a local potential, we have x |V |x = V (x)δ(x − x ). By using the closure relation, it can be expressed as V (x, x ) = n,n V n.n ψ n (x)ψ * n (x ), where ψ n (x) = x|ψ n and {|ψ n } constitute a complete orthonormal basis. Notice that the Dirac delta function can be reconstructed only by keeping all the infinite vectors of the basis.
Hence, any truncation of the complete basis can transform a local potential into a non-local one. The action of the resulting nonlocal potential on a generic state |ψ in the position representation is
Using the translation operator property,
As an example, Fig. 2 shows as a local potential V (x) (in this case a double-well potential)
evolves into a nonlocal one when increasing the truncation of the Hilbert space. Here n indicates the number of energy states included in the projection operator, starting from the ground state.
A formulation preserving the gauge principle can be obtained replacing in Eq. (14) the NΠ . This method is not limited to truncated two-level spaces but can be applied to any truncated Hilbert space to produce light-matter interaction Hamiltonians satisfying the gauge principle. Applying this procedure, we obtain
whereÛ N =ΠÛ NΠ . Using repeatedly the properties of identity operatorsΠ =Π 2 , we obtain
The unitary transformationÛ NĤ0Û † N describes the rotation of the system of pseudospins around the x axis by an angleφ = 2η(â +â † ). The resulting Hamiltonian iŝ
This result shows that the occurrence of a non-local potential, arising from the truncation of the matter system Hilbert space, changes significantly the structure of the Coulomb-gauge Decreasing the number of levels, the degree of nonlocality increases. We considered the potential
wherex is an adimensional coordinate [11] , β = 3.95 and γ = 2.08 are adimensional coefficients, and E k is the kinetic energy coefficient:
Notice that only adimensional quantities, as a function of adimensional quantities, have been plotted and the three axes have been omitted.
interaction Hamiltonian (see, e.g., [47] , for comparison). The price that one has to pay for preserving the gauge principle in such a truncated space is that the total Hamiltonian contains field operators at all orders, in contrast to the standard Coulomb gauge Hamiltonian in Eq. (12) . 
whereT N =Û † N . We obtainĤ
Applying the Baker-Campbell-Hausdorff lemma, we havê
The standard Dicke Hamiltonian in the dipole gauge can be obtained from Eq. (22) truncating the Hilbert space of each dipole to include only two energy levels:Ĥ
dgΠ . Observing that qΠ i x iΠ = 2d 1,0Ĵx , and using the fact thatΠ is the identity operator for the resulting collection of two-level systems, we obtain
Comparing Eq. (4) and Eq. (21) (notice thatT N =Û † N ), we observe that while the Coulombgauge Hamiltonian can be obtained by applying a unitary transformation to the bare matter Hamiltonian, the dipole-gauge Hamiltonian is obtained by applying the h.c. transformation to the bare photonic Hamiltonian.
We will show in the next subsection that, in contrast to the standard derivation of the Coulomb-gauge Dicke Hamiltonian, the dipole gauge Hamiltonian in Eq. (23) does not violate the gauge principle. This behaviour can be understood by observing that a truncation on the number of modes in the photonic system, as a single-mode description of the resonator, despite determining a loss of spatial locality [48] , it does not introduce any spatial nonlocality in the quadratic potential of the single-mode Hamiltonian, since different normal modes are independent and corresponds to different effective particles. On the contrary, truncating the Hilbert space of an individual mode, e.g., considering a few photon system, could produce issues analogous to those appearing in the Coulomb gauge. Equation (23) describes the Dicke Hamiltonian in the dipole gauge. It includes a selfpolarization term induced by the interaction with the electromagnetic field (∝Ĵ 2 x ). Neglecting it can lead to unphysical results [49] and to the loss of gauge invariance. This Hamiltonian slightly differs from that derived in [11] , where the intra-atom self-polarization terms ∝ x 2 i are included in the atomic potentials and give rise to a renormalization of the atomic transition frequency ω 1,0 and of the coupling η. While the full inclusion of these terms into the qubit Hamiltonian might seem to be the most accurate approach to derive a reduced two-level Hamiltonian, it applies the two-level truncation to the different terms of the light-matter interaction Hamiltonian with a different level of accuracy. Specifically, while the terms ∝ x 2 i are included in the atomic potentials before the diagonalization of the atomic Hamiltonian, the other terms are taken into account only after the application of the twolevel approximation. Moreover, the resulting self-polarization termĴ 2
still includes the intra-atomic contributions (i = j), although these determine only a rigid shift of all the energy levels. In Ref. [11] it is shown that, when the coupling strength is quite high, including the intra-atom self-polarization terms in the atom potential before the diagonalization of the full atomic Hamiltonian, can result in less accurate results. 
whereT N =Û † N . Equation (24) 
III. THE DICKE MODEL IN THE N → ∞ LIMIT
The starting point for our analysis in the thermodynamic limit is the Holstein-Primakoff representation [39] of the angular momentum operatorsĴ z =b †b − j,
Hereb andb † are bosonic operators. This allows to obtain effective Hamiltonians that are exact in the standard thermodynamic limit N → ∞, η → 0, with η √ N → λ remaining a finite quantity.
We proceed in the thermodynamic limit by replacing the angular momentum operators introduced in the previous section by using the Holstein-Primakoff representation, expanding the square roots and finally neglecting terms with powers of j in the denominator, since these go to zero in the considered limit [50] . We can start from the Hamiltonian of the collective spin system in the absence of interaction with the electromagnetic field in Eq. (2) . We obtain
A. Dipole gauge
Applying the Holstein-Primakoff representation to Eq. (23), performing the thermodynamic limit (N → ∞ and η √ N → λ), we obtain dg . Hence, the thermodynamic limit, apparently, would destroy gauge invariance. Actually, as we are going to show, this is not the case.
Starting from Eq. (19) , performing a series expansion of cos 2η(â † +â) and sin 2η(â † +â) , we obtain
In the thermodynamic limit (N → ∞, √ N η → λ), only terms up to the second order in η remain different from zero, and we finally obtain
where we defined D = ω x λ 2 . As a result, also the correct Coulomb gauge Hamiltonian H (N ) cg [Eq. (19) ], reduces to an Hamiltonian which describes an harmonic system constituted by two interacting harmonic oscillators, like the dipole gauge Hamiltonian.
In the same limit, the standard Coulomb gauge Hamiltonian H (N ) cg , not satisfying the gauge principle becomes
where we used Eq. (11), and defined D = k ω k,0 λ 2 k = D/ .Ĥ cg in Eq. (29) is very similar toĤ cg in Eq. (28) . They only differ for the diamagnetic coefficient multiplying the term (â † +â) 2 . While the coefficient in Eq. (29) (D ) contains a sum over all the allowed transitions from the ground state, the one in Eq. (28) (D < D ), more consistently, contains only the contribution from the single two-level transition considered in the two-level approximation leading to the Dicke model. As we will show in the next subsection, this difference determines the loss or the preservation of gauge invariance. Moreover, it has been observed that the value of the diamagnetic coefficient with respect to ω x λ 2 can prevent or allow a superradiant phase transition in Dicke models [51] .
It is interesting and reassuring that also after the truncation of the Hilbert space of the atomic ensemble, using Eq. (28), the paramagnetic and diamagnetic contributions to the physical current-current response function [43] [44] [45] still cancel in the uniform static limit. In particular, in the present case, it is proportional to
This does not occur using the Hamiltonain in Eq. (29): 
The Dicke Hamiltonian in the Coulomb gaugeĤ cg can be readily obtained by applying the generalized minimal coupling replacement using Eq. (25) and Eq. (32):
This approach is particularly interesting, since it provides a recipe to obtain the correct Coulomb-gauge light-matter interaction Hamiltonian starting from the knowledge of the unperturbed Hamiltonian of a bosonic excitationĤ 0 and its associated polarization operator, which in this case isp = √ N d 1,0 (b +b † ). Notice that the unitary operator in Eq. (33) can be expressed asÛ = exp iÂp/ . Thus, within this approach, it is not necessary to start explicitly considering a collection of effective two-level atoms, but it is sufficient to start from a bosonic Hamiltonian for the bare matter system and then to use the generalized minimal coupling replacement in Eq. (33) . We will discuss further this point and its connection with the Hopfield model in the next section.
Applying toĤ cg the unitary transformationTĤ cgT † , whereT =Û † , the corresponding Hamiltonian in the dipole gauge in Eq. (26) is easily recovered:
Equation (34) demonstrates thatĤ dg andĤ cg are related by a unitary transformation as required by gauge invariance, hence they will display the same eigenvalues. In contrast,Ĥ cg is not related toĤ dg by a unitary transformation and thus it will display different energy levels.
We now provide a direct check of the breakdown of gauge invariance of the 
Diagonalizing the Hamiltonian in Eq. (28) results into the polariton frequencies
The polariton frequencies ω cg± resulting from the diagonalization of the standard Coulomb- The choice of α ≡ D /D depends on the specific system. Here we used the reasonable value α = 2.
The differences are relevant, starting from normalized coupling strengths λ ∼ 0.4. Hence, we can conclude that for coupling strengths λ 0.4 the standard Coulomb-gauge Dicke Hamiltonian (in the thermodynamic limit) provides significantly wrong polariton frequencies in agreement with the results in Ref. [11] .
IV. GAUGE INVARIANCE OF THE HOPFIELD MODEL
The Hopfield model provides a full quantum description of the interaction between the electromagnetic field and a dielectric which is described by a harmonic polarization density.
The original treatment considers a 3D uniform dielectric with a single resonance frequency describing dispersionless collective excitations. This exactly solvable model was initially applied to the case of excitonic polaritons, then, it has been applied and/or generalized to describe a great variety of systems with different dimensionalities and degrees of freedom, including quantum well [52] and cavity polaritons [53] , phonon-polaritons [54, 55] , and plasmonic nanoparticle crystals [56] . A generalized Hopfield model for inhomogeneous and dispersive media has been proposed [57] . Here we analyze the original model, its gauge properties and its connection with the Dicke model in the thermodynamic limit.
The field operators are given in terms of the bosonic photonic operatorsâ k,λ and the bosonic operatorsb k,λ describing the destruction of the polarization quanta bŷ
where k is the wavevector, λ labels the two transverse polarizations, e k,λ are the polarization unit vectors, and we have defined A
is the quantization volume, ω k and ω 0 are the bare resonance frequencies of the photonic modes and of the matter system waves respectively, and β is the polarizability [40] . 
where Λ k = V A 
We observe that this unitary operator coincides with the hermitian conjugate of the operator describing the Coulomb → dipole gauge transformation in a system with a polarization density operator given by Eq. (37):Û
whereT 
After simple algebra, we obtain
Equation ( Finally we analyzed the Hopfield model, showing its gauge invariance. We provided a method to derive in a simple way manifestly gauge-invariant Hopfield models, having knowledge just of the matter polarization field. These results show that the Dicke model in the dilute regime can be regarded as a particular case of the more general Hopfield model.
